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1 INTRODUCTION 

 

Technical calculations on windmills, if discussed in detail, would imply a mega module. 

This module is modest: it shows only the basics. But it may also act as a guide as it gives 

further references.  

 

The module starts by explaining where to look for critical spots in a windmill.   

 

If such a spot is identified one would like to know whether it is still safe or whether a 

failure might occur in future. This is where calculations come in: they form the second part 

of this module. 

 

The approach that is adopted in this module is as follows: we assess existing windmills. 

We climb the mill, look for critical spots and try to assess the safety margin by doing some 

approximate calculations. 

 

The process of designing a windmill is different. Here it does not suffice to do an approxi-

mate calculation. A full analysis is required. The information in this module is not 

sufficient to do this. 
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2 CRITICAL SPOTS  

 

Machines, including windmills, always have 'critical spots': if failure occurs it will be in 

one of those spots. The question is how to trace those spots in a windmill.  

 

One should bear in mind two things when looking for critical spots in a windmill: the load 

and the geometry. The combination of load and geometry (diameters, wall thicknesses, 

weaknesses like holes etc) determines the stress level in the material. Searching for critical 

spots therefore boils down to looking for spots with an unfavourable combination of load 

and shape. This will be highlighted in the next chapter. Figure 2.1 gives an illustration. 

 

           ┌─────────┐                ┌──────────┐ 

           │  load                 │                │  shape                 │ 

           └────┬────┘                └────┬─────┘ 

                         └────--─────┬─────┘ 

                                 ┌───────┴───────┐ 

                                 │ critical spot                       │ 

                                 └───────────────┘ 
 
Figure 2.1 Looking for critical spots 
 

If a critical spot is located we might want to know what the safety margin is: may failures 

be expected or is the construction strong enough? This requires calculations. The load has 

to be quantified and relevant dimensions have to be measured    (diameter, wall thickness 

etc). By combining the load and the geometry the stresses may be found. These stresses 

have to be compared with admissible stresses to obtain an idea of the safety margin. 

Chapters 4 to 6 are devoted to calculations. Figure 2.2 gives an illustration of the 

approach.  

 

     ┌────────────┐              ┌─────────────┐ 

     │  quantify                   │               │  quantify                      │ 

     │    load                        │              │  geometry                     │ 

     └─────┬──────┘              └──────┬──────┘ 

                      │                                                       │ 

                      └─────────────┬─────┘ 

                                  ┌─────────┴─────────┐        ┌────────────┐ 

                                  │     stress in                                     ├───┤ admissible               │ 

                                  │    critical spot                                │         │  stress                       │ 

                                  └─────────┬─────────┘        └────────────┘ 

                                        ┌───────┴───────┐   

                                        │ safety margin                    │   

                                        └───────────────┘   
 
figure 2.2  Calculation of safety margin  
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3 TRACING CRITICAL SPOTS 

 

Tracing critical spots comes down to looking at unfavourable load/shape combination. 

Both load and shape are discussed in more detail below. 

 

3.1 The load 

 

The load may be split up in two different ways: 

-Static and dynamic loads 

-Tensile forces and moments. 

 

Both subdivisions will be discussed below. 

 

3.1.1 Static and dynamic loads 

 

Loads that vary and occur very frequently are called dynamic or fatigue loads (e.g. the 

wind load on the windmill). In contrast we have static loads: they do not vary (e.g. the 

weight of the windmill). But also loads that occur only seldom (e.g. forces on the windmill 

during erection) may be treated as static loads: they are called semi-static loads. 

Furthermore also extreme loads (e.g. storms) may be regarded as semi-static loads as they 

occur only occasionally.  

 

Generally fatigue loads are much more dangerous than (semi-)static loads: fatigue loads 

have lower admissible stress levels. Besides fatigue is a sneaking process: failure happens 

without a preceding warning like a noticeable deformation (you can hardly see the initial 

fatigue cracks).  
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A simple example will illustrate the difference in admissible stress between static and 

fatigue loads. A strip of mild steel (Fe37) is subjected to a static and fatigue load. The 

static load for which the strip will fail is 36 kN (360 N/mm
2
). The dynamic load that the 

strip will not survive is 12 kN (120 N/mm
2
): 3 times smaller than the static load!  

 

 
Figure 3.1 Maximum static and dynamic load 
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Many parts of a windmilll are subjected to a fatigue load. Figure 3.2 illustrates some 

fatigue loads on a windmill. 

 
Figure 3.2 Fatigue loads on a windmill 
 

Take the pump rod as example. The recurring load on a pump rod is much more dangerous 

than a force that occurs occasionally, for example in case of overspeed due to a sudden 

wind gust. Laboratory tests on pump rod couplings (Wisselink [1]) showed that the fatigue 

strength was around 8 times smaller than the static strength.  

 

We may now state the first rule for finding critical spots.  

 

    Look for parts that experience a fatigue load   
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3.1.2 Tensile forces and moments  

 

Bending and twisting moments generally give much higher stresses than tensile forces. 

Figure 3.3 gives an example. A beam is subjected to a force F: in the first case as a tensile 

force, in the second case the force F gives rise to bending.  

 
Figure 3.3 Tension and bending  

 

With the dimensions of figure 3.3 the bending stress near the clamp is 160 times larger 

than the tensile stress, see also annex A. 

 

This leads to the second rule when looking for critical spots: 

 

    Look for parts that will either bend or twist 
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3.2 Geometry 

 

Apart from the load the geometry has to be examined in order to locate critical spots. For 

instance thin parts may be dangerous. Even more important, be aware of details that 

weaken the construction. The most notorious weakening details are: notches, holes, welds, 

threads and clefts. Examples are given below.  

 

3.2.1 Notches 

 

Notches are sudden changes in the geometry. Figure 3.4 gives an example. The upper strip 

has no notch, the lower has one notch. Note the force flow lines. There is a concentration 

of flow lines near the notch. This means that the stresses are higher than the average stress. 

This is expressed by the stress concentration factor K. The average stress σ is: 

 

  σ = F/A (1) 

 

The stress at the notch will be K times higher: 

 

  σ = K • F/A  (2)  

 

If the strip is made of mild steel the failure stress in the upper strip is 120 N/mm
2
, in the 

lower strip the failure stress is much lower: 40 to 100 N/mm
2
 (depending on the notch 

geometry). In other words the stress raiser K varies between 1.2 and 3.  

 

 

 

 
 

 
Figure 3.4 Stress distribution in bar with and without notch 
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3.2.2 Holes  

Figure 3.5 shows a strip with a tensile load. The stresses near the hole are shown.  

 

 

 

failure stress 

mild steel 

120 N/mm² 

 

 

 

 

 

failure stress 

mild steel 

40 to 60 N/mm² 

K = 2 to 3 

 

 

 
Figure 3.5 Stress near a hole 
 

Note the high stress near the hole. Stress raisers, being the ratio between the actual 

maximum and average stress, generally vary between to 2 to 3.  

 

A clear example in the windmill are the bolt holes, for instance in the tower. 

 

Stress concentration factors can, for example, be found in Peterson [8]. 
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3.2.3 Welds 

 

Welds give rise to high stresses, besides material quality may have deteriorated (e.g. hard, 

brittle regions develop in the material when the weld cools down too quickly). Stress 

raisers between 2 and 4 are not uncommon.  

 
Figure 3.6 Stress near a weld 

 

Fatigue failures often start next to the undercut. Bear this in mind when examining welds.  

 

Literature: Eurocode 3 [9]. 



Arrakis 12 

 TECHNICAL CALCULATIONS  
 

 

 

3.2.4 Threads 

   

Threads may give high stress concentrations, especially cut thread.   

 

 

Failure stress 

mild steel 

120 N/mm² 

 

 

 

 

 

 

failure stress 

mild steel 

40 to 80 

N/mm² 

K = 1.5 to 3 

 

 

 

 

 
Figure 3.7 Threads 
 

Thread failures often occur next to the nut or at the start of the thread. Windmills 

sometimes use threaded rods for the suspension of the vanes, if not properly dimensioned 

this leads to failure. 
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3.2.5 Cleft corrosion 

 

Last but not least we mention cleft corrosion. Water is accumulated in clefts. Together 

with dynamic loads the material may deteriorate quickly. This has often lead to sudden, 

unexpected failures in spite of the fact that the loads were small.   

 
Figure 3.8 Cleft corrosion   

 

We have arrived at the third rule: 

 

      Look at details that weaken the construction:         e.g. 
holes, welds, threads, notches and clefts    
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3.3 Summary of rules  

 

When trying to locate critical spots one should:  

  

1 - look for parts that experience a fatigue load          

2 - Look for parts that will either bend or twist    
 3 - Look at details that weaken the construction:        e.g., 
holes, welds, threads, notches and clefts   

 

Generally a critical spot combines some of these factors. 
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3.4 Examples   

 

3.4.1 Pump rod coupling 

 

Take the pump rod coupling of figure 3.9 which experiences a fatigue load 

(recurring pump force). 

 

 
 
Figure 3.9 Pump rod coupling (exploded view) 
 

It experiences a fatigue load. The part is weakened by the circumferential weld. Hence the 

coupling combines the rules 1 and 3 (fatigue and weld).  

 

Mind that this does not necessarily lead to failure. Stresses will remain within acceptable 

limits in a well designed windmill. However it is a point to keep an eye on. 

 

 

3.4.2 Blade root 

Let us regard the blade root of a free standing blade, figure 3.10. 

 
Figure 3.10 Blade root of free standing blade 
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Forces on the blade (weight, wind) will surely cause bending (rule 2). The strips welded to 

the pole will weaken the part (rule 3). Forces and moments on the blade will vary in time: 

we recognise a fatigue load (rule 1). Hence the blade root combines all critical spot rules. 

It is therefore not surprising that blades sometimes fail at the blade root, though in a proper 

design this should not happen. 

 

3.4.3 Other critical spots 

 

Well known critical spots are, e.g: 

-hub 

-rotor shaft 

-head frame, if welded 

-pump support  

 
Figure 3.11  Critical spots in a windmill 
  

Which rules apply for these spots? 
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4 CALCULATIONS 

 

When a critical spot is located it is necessary to perform a calculation to obtain an 

impression of the safety margin. 

 

The calculations follow the pattern of figure 2.2 on page 4. The figure shows that we 

should first calculate the load on a critical part. It will be clear that every part has its own 

load pattern (compare the blade root, rotor shaft, pump rod, pump suspension, tower 

foundation anchors etc). It is therefore impossible to present a complete picture of every 

calculation. Instead two critical windmill parts will be discussed: the pump rod and the 

blade root. This will illustrate the procedure of figure 2.2. 

 

Nevertheless some general observations on the load may be made. 

 

In principle we may distinguish two kind of loads: 

-the (semi)-static load 

-the fatigue load 

 

(Semi-)static loads are for instance: storm, weight of the windmill on its foundation etc. 

The storm load (generally taken to be the load at 40 to 55 m/s wind speed) may be decisive 

in the dimensioning of the tower legs (i.e. buckling of the tower legs, see the module about 

towers), but in most cases the semi-static loads do not pose a threat at all.  

 

For practically all parts the dimensions are determined by the fatigue load. This is why 

only fatigue is highlighted in this module. 

 

A brief outline of the fatigue analysis is given in annex B. However, the theory in relation 

to windmills is too extensive and therefore outside the scope of this module. Using two 

examples only major aspects are discussed. 

 



Arrakis 18 

 TECHNICAL CALCULATIONS  
 

 

 

5 PUMP ROD FATIGUE CALCULATION 

  

In this section we will establish the safety margin of a pump rod coupling, following the 

procedure of figure 2.2 on page 4.  

 

5.1 Principle of operation 

 

Let us first recapitulate the principle of operation of the water pumping windmill and the 

role of the pump rod in it. The windmill rotor turns, powered by the wind. The crank fixed 

to the rotor shaft converts the rotation of the shaft in an up and down going motion. On the 

bottom side the pump rod is coupled to the crank and therefore goes up and down as well. 

The pump rod is connected to the piston of a piston pump. In the up stroke the water on 

the piston will be lifted and the same time fresh water is drawn through the foot valve into 

the cilinder underneath the piston. During the down stroke the foot valve closes and the 

piston valve opens. The piston then moves through the water in the cilinder, the water 

does not move. The principle is illustrated in figure 5.1. 

 

 
 
Figure 5.1 Principle of operation of a water pumping windmill 



Arrakis 19 

 TECHNICAL CALCULATIONS  
 

 

 

5.2 Pump rod load 

 

Note that water is only lifted during the up stroke, not during the down stroke. This means 

that the pump rod is loaded during the up stroke and hardly loaded during the down stroke 

(though sometimes considerable compression forces occur). A measured pump rod force 

diagram of a CWD 108D pump illustrates the cyclic variation of the pump rod force for 

higher speeds, figure 5.2 (note the difference with the pump rod force diagram for low 

speeds in figure 5.1). 

 
 
Figure 5.2 Pump rod force diagram, Diepens [2] 
 

The diagram clearly shows that the load is cyclic and hence a fatigue load. Note that the 

maximum force occurs when the piston has just passed the lowest dead centre and starts 

moving upwards. At that point the piston valve closes and the water on top of the piston is 

suddenly accelerated. This explains the peak force (F = m.a). The question is how large the 

maximum pump rod force is. Theoretical considerations, in combination with field and 

laboratory tests resulted in the following pump rod force formula at valve closure, 

Veldkamp [3].  
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For:  point of closure of foot valve 

  no air chambers etc 

 

Where: Fp = pump rod force (N) 

 

  k  = overshoot factor ≈ 1.5 - 2   

 

  ρw = density of water = 1000 (kg/m
3
) 

 

  g  = acceleration of gravity = 9.81 (m/s
2
)  

 

  H  = lifting height of the water (m) 

 

  Ap = cross sectional area of pump (m
2
) 

 

  Ar = cross sectional area of rising main (m
2
) 

   

  s  = pump stroke (m)  

    

  ω  = rotor speed (rad/s) 

 

 

The first part of the formula, i.e.: 

 

 

  ρw g H • Ap  (4)  

 

 

represents the force due to the static water pressure (pressure • area = force) 

 

The second part, i.e.: 

 

 

  Ap
2
 ρw H s ω2

  (5) 

  2Ar 

 

accounts for acceleration of the water in the cilinder and rising main (note the  factor ω2
). 

 )  sH  *
A 2

A
+A H g ( k=F

2
w

r

2
p

pwp ωρρ 1 (3) 
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The factor k, the overshoot factor, stems from the sudden closure of the piston valve. 

When the valve closes the piston suddenly experiences both the static water pressure and 

the acceleration force of the water on top of the piston (that is suddenly forced to follow 

the upgoing piston. If there would be no elasticity the pump rod force would be infinite. Of 

course some elasticity exists, a.o. the pump rod acts as a spring). 

 

Example 

The parameters for the CWD pump rod force diagram of figure 5.2 are: 

   

  k  = overshoot factor ≈ 2   

 

  ρw = density of water = 1000 (kg/m
3
) 

 

  g  = acceleration of gravity = 9.81 (m/s
2
)  

 

  H  = 26.1 (m) 

 

  Ap = 0.00916 (m
2
)  (pump diameter of 108 mm) 

 

  Ar = 0.00212 (m
2
)  (being 2" pipes with 53 mm internal dia) 

   

  s  = 0.2 (m)  

    

  ω  = 3.14 (rad/s)  

 

 

This results in a pump rod force of  

 

 

  Fp = 2 (2345 + 1018) = 6726 (N) 

                                         

 

This comes suspiciously close to the measured 6649 (N), as it should be in examples (it 

does not always comes that close). Note that the acceleration force (the second term: 

1018), is about half the force due to the static water pressure. For higher rotor speeds the 

acceleration term will become more pronounced (ω becomes larger). 

 

Note that there are pumps that have arrangements (like an air chamber) that will reduce 

this acceleration term and/or the overshoot factor. However in traditional windmills such 

arrangements do not exist. 

 

In fatigue it is not so much the maximum force, but rather the force variation (the 

difference between the maximum and mininum force), that determines the start and 

growth of a fatigue crack (see also annex B).    
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In first approximation the lower pump rod force is close to zero. This makes the pump rod 

force variation, being the figure that counts in a fatigue analysis, equal to the maximum 

pump rod force: 

 

  ∆Fp = Fmax - Fmin = Fp - 0 = Fp  (6) 

 

 

5.3 Pump rod geometry 

 

The second step (refer to figure 2.2) will be to look at the geometry in order to find the 

'weakest' spot in the pump rod. The pump rods (the pump rod length generally is 3 or 6 

meter) are connected by pump rod couplings. If the pump rod couplings are welded to the 

rod, as is often the case, the weld will almost certainly be the weakest spot (rule 3).  

 

For the example we regard a coupling as shown in figure 5.3. 

 
Figure 5.3 Pump rod coupling geometry 

 

If failure occurs it will most certainly be next to the weld (rules: fatigue, weld). The cross 

sectional area A next to the weld is: 

 

                      A = 202 mm
2
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5.4 Stress in critical spot 

 

The force variation ∆Fp, in combination with the cross sectional area A, gives the stress 

variation in the critical spot: 

 

                    ∆σ = ∆Fp / A    (N/mm
2
) (7)   

     

 

which becomes, in our example: 

 

                    ∆σ = 6726/202 = 33 (N/mm
2
)   

  

The figure as such does not give a clue with regard to the safety margin, it has to be 

compared with the admissible value. 

 

5.5 Admissible stress 

 

Admissible stresses can be found in standards, like the Eurocode 3 [4].   

 

For static loads the admissible stress generally is a factor 2/3 of the yield stress. 

Admissible dynamic (fatigue) stresses are sometimes equal but generally (much) lower 

than 2/3 of the yield stress. Annex C gives mild steel data.  

 

In our example, a butt weld, the admissible stress is 40 N/mm
2
 (Eurocode [4]). 

 

5.6 Safety margin 

 

Comparing the occurring stress with the admissible stress gives the safety margin that is 

applied.  

 

  safety margin    = admissible stress variation  (8) 

        actual stress variation  

 

Note that a safety margin value of 1 is still acceptable.  

 

In our example we have a safety margin of: 

 

  safety margin = 40/33 = 1.2 

 

This is acceptable. 
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5.7 Complete fatigue analysis 

 

Note that only one stress level is examined, i.e. the stress level that corresponds with a 

rotor speed ω of 0.5 rps. For higher speeds higher stress levels will be found (the 

acceleration term in the formula for the pump rod force will be larger). The safety margin, 

being the ratio between the admissible and actual stress, will then become smaller for 

higher rotor speeds. 

 

In practice the speed of a windpump varies, this means that a range of stress levels will 

occur. For a complete fatigue analysis all these stresses have to be examined and the 

'fatigue damages' of all levels have to be added in the way described in annex B. 

 

However the stress level that goes with a 0.5 rps rotor speed already gives an indication of 

the safety margin that can be expected if the average rotor speed is around 0.5 rps.  

 

5.8  Concluding remarks 

 

Be aware that the formula for the pump rod force is an approximation. Probably a good 

one, but there may be circumstances where the prediction is not very accurate (for instance 

if resonance occurs). Diepens [10] gives an detailed description of the pump rod force 

phenomenon. 

 

For the variation of the pump rod forces, important in the fatigue analysis, it is assumed 

that the lower pump rod force is zero. There are situations where this is not the case: e.g. 

when there is a considerable flow resistance of the valve (more pronounced for higher 

speeds). 

 

The formula will overestimate the pump rod force in case the pump has an air chamber or 

other arrangement to reduce the part of the acceleration force in the total load.  
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6 BLADE ROOT FATIGUE CALCULATION 

 

Another part that is subjected to fatigue is the blade root. The safety margin will 

established, again we use the procedure of figure 2.2 on page 4. 

 

6.1  Construction details 

 

Let us first specify some components of the rotor. The aerodynamic profile, required to 

catch the wind, is a curved plate made of sheet metal. The plate is sometimes twisted as 

well. The plate is fixed to a support. The support may either be a simple spar (called free 

standing blade) or it may be a complete frame (called ring rotor, as used in practically all 

traditional windmills). The spar or frame is finally fixed to the rotor shaft through a hub. 

Figure 6.1 gives an overview. 

 
 
Figure 6.1 Most common rotor lay outs 
 

In this module we will discuss the free standing blade construction. 

 

Question: what is the advantage of a fully supported rotor? 
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6.2 Blade root load 

 

The forces and moments on the blade root of a free standing blade stem from several 

sources: 

-wind:  wind pressure (thrust), driving torque 

-gravity:  weight of the blade 

-inertia:  variations in speed, gyroscopic load 

-pump:  variations in pump load 

 

All terms are described in detail by Veldkamp [5] and Lysen [6]. 

 

In practice it appears that there are a few moments on the blade root that are much larger 

than the others, i.e.:  

-weight 

-thrust (wind pressure) 

-gyroscopic load 

 

They are decisive in the dimensioning of the blade root. For us when climbing a mill and 

trying to get an impression about the safety margin of the blade root, it will be sufficient to 

estimate the three loads mentioned above. 

 

Let us first decide on the location of the critical spot. This will be in the spar next to the 

hub fixation as the bending moments will be maximal there (rule: bending). 

 

 

6.3 Weight 

 

How large is the bending moment in the critical spot due to the weight? This moment is 

mainly caused by the weight of the plate Gp and the weight of the spar Gs.  

 

 
Figure 6.2 Bending moment due to weight 
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The total bending moment due to the weight Mw will be the sum of the moments by plate 

and spar: 

 

  Mw = Gp  Lp  +  Gs  Ls  (9) 

 

Where Gp = weight of plate (N) 

   

  Lp = distance centre of gravity (c.o.g.) plate to root (m) 

 

  Gs = weight of spar (N) 

 

  Ls = distance c.o.g. spar to root (m) 

 

 

Note that the bending moment varies during one revolution of the rotor: it will be maximal 

for a horizontal blade and zero for a blade in vertical position. This means that we are 

dealing with a fatigue load (rule 1). 

 

Example 

 

Assume a rotor blade as given in figure 6.3. 

 

 
Figure 6.3 Rotor blade data 
 

Let us first regard the plate. 

 

the weight Gp = specific mass • length • g = 4 • 2.2 • 9.81 = 86 (N) 
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The centre of gravity is in the middle of the plate. The distance Lp from the c.o.g. to the 

critical spot is 1.2 (m). 

 

The bending moment Mp will be: 

 

  Mp = Gp • Lp = 86 • 1.2 = 103 (Nm). 

 

The same procedure for the spar leads to: 

 

  Ms = Gs • Ls = 83 • 1.15 = 95 (Nm) 

 

 

The total bending moment will be: 

 

  Mw = Mp + Ms = 198 (Nm) 

 

Note that the moment changes from  + 198 Nm to - 198 Nm (bending of spar changes 

during half a cycle).  



Arrakis 29 

 TECHNICAL CALCULATIONS  
 

 

 

6.4 Thrust 

 

Thrust is the second load component. The wind load will bend the rotor blade. The 

question is how large this moment is. Figure 6.4 gives an overview of the situation. 

 
Figure 6.4 The thrust force 
 

The wind will exert a wind pressure over the whole plate area. The resultant force of this 

distributed pressure is the so-called thrust force. In first approximation the thrust force acts 

at 2/3 R if the rotor radius is R (m). 

 

How large is the thrust force Ft?  The formula below gives the answer (Lysen [5]). 

 

 

  Ft = Ct ½ ρa V
2
 π R2

/B  (10) 

 

 

Where: Ft = thrust force (N) 

 

  Ct = thrust force coefficient = 8/9 

 

  ρa = air density = 1.2 kg/m3  

 

  V  = wind speed (m/s) 

 

  R  = rotor radius (m) 

 

  B  = number of blades (-) 

 

Note the dependency on the square of the wind speed.  
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With Lt being the distance between the thrust force and the critical spot the moment in the 

root is: 

 

  Mt = Ft • Lt   (11) 

 

 

In our example, the thrust force on 1 blade will be at a rated wind speed of 9 m/s and a 

rotor with 8 blades: 

 

  Ft = 8/9 • ½ • 1.2 • 9
2
 • 3.14 • 2.5

2
 / 8 = 107 (N) 

 

The force Ft acts at 2/3 R, that is 1.67 (m) from the rotor centre. This means that the 

distance Lt to the critical point is:  

 

  Lt = 1.67 - 0.3 = 1.37 (m). 

 

The bending moment Mt due to the thrust force thus becomes: 

 

  Mt = Ft • Lt = 107 • 1.37 = 147 (Nm). 
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6.5 Gyroscopic load 

 

We have arrived at a very influential load component: the gyroscopic load. The origin of 

this load stems from the fact that the rotor, being a flywheel, rotates around a second axis 

during yawing. This will exert a moment on the blades in vertical position (and, to a lesser 

degree on the other blades, with no moment on the horizontal blade).  

 
Figure 6.5  The gyroscopic load 

 

The formula to estimate the gyroscopic moment at the critical spot is (Veldkamp [3], for 

constant specific mass, being an approximation in our case): 

 

  Mg = 2/3 ωr  ωy mb  (R
3
-r

3
)/(R-r)  (12) 

 

For:   blade in vertical position 

 

Where: Mg = gyroscopic moment in critical spot (Nm) 

 

  ωr = rotor speed (rad/s) 

 

  ωy = yaw speed (rad/s) 

 

  mb = mass of rotor blade (kg) 

 

  R  = rotor radius (m) 

 

  r  = distance of rotor centre to critical spot (m) 
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In the example, assuming a rotor speed of 1 rps (= 6.28 rad/s) and yaw speed of 0.1 rps 

(0.52 rad/s), the gyroscopic moment becomes: 

 

 

  Mg = 2/3 • 6.28 • 0.52 • 17.2 • (2.5
3
 - 0.3

3
)/(2.5-0.3)  

 

  Mg = 265 (Nm) 

 

 

Figure 6.5 shows that the bending changes from plus to minus 265 Nm if the blade goes 

from the upper position of the lower vertical position (being zero for horizontal blade 

position).    

 

6.6  Total load on blade root 

 

Summarising the results of the last three sections: 

 

 Weight: Mw = + 198 (Nm)  

   maximum/minimum for horizontal blade position 

   zero for horizontal blade position 

   

 Thrust Mt = + 147 (Nm) for rated wind speed of 9 m/s 

   Mt =   0   (Nm) for V= 0 m/s 

   varies in time, constant over 1 rotor cycle 

 

 Gyroscopic Mg = + 265 (Nm) 

   maximum/minimum for vertical blade position  

   zero for horizontal blade position  

 

The moments cannot simply be added, as the maximum moment due to weight occurs for 

a horizontal blade position while the maximum gyroscopic moment occurs for a vertical 

blade position.  

 

The maximum moment occurs somewhere between the horizontal and vertical blade 

position. However, we will not derive this maximum. Instead we examine the vertical 

blade situation as this probably comes close to the real maximum.  

    

In the vertical position the moment due to weight is zero. The question is whether the 

other two moments, Mg and Mt, may simply be added.  

    

Let us consider two extreme situations. In the first case the wind suddenly changes from 8 

to 10 m/s (average of 9 m/s). Due to the sudden wind speed yawing will take place, giving 

a gyroscopic moment. In total we have: 

 

  Mt = 147 Nm 
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  Mg = + 265 Nm   

 

 This gives a maximum moment (for Mg = + 265 Nm) of: 

 

  Mmax = 147 + 265 = 412 (Nm) 

 

The second case is just the opposite of the first one: the wind suddenly drops from 9 to 0 

m/s. In that case there is no thrust (wind speed = 0 m/s). The windmill will yaw back, 

hence a gyroscopic load Mg = + 265 Nm occurs. This means a minimum moment of: 

 

  Mmin = -265 (Nm). 

 

The bending moment variation in the root is: 

 

  ∆Mr = Mmax - Mmin = 412 +265 = 677 (Nm) = 677000 (Nmm) 

 

 

 

6.7 Blade root geometry 

 

The second step (see figure 2.2) is to look at the geometry of the blade root. 

Suppose that the spar is carefully clamped to the hub such that there are no stress raisers 

present.  

 
Figure 6.6  Blade root construction 

 

We calculate the stresses in the cross section of the spar.  

 

Suppose that the spar is a 2" medium pipe (outer diameter 60.3 mm, inner diameter 53 

mm) of mild steel. Tables will give the resisting moment against bending Wb: 

 

  Wb = 8670 mm
3
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6.8 Stress in the critical spot 

 

The stress variation ∆σ will be: 

 

  ∆σ = ∆Mr/ Wb = 677000/8670  = 78 N/mm
2
 

  

This has to be compared with the admissible stress variation to obtain an impression of the 

safety margin.  

 

6.9 Safety margin 

 

The pipe is made of mild steel. The admissible stress follows from annex C: for pure 

bending the admissible variation is 180 N/mm
2
 if the object is 'small' (typical size: 20 mm) 

and 'smooth' (typical surface roughness: 1 µm). Admissible stresses for larger and coarses 

parts are smaller, see annex D.   

 

In our example:   

 

  Size factor: 0.8 for pipe diameter 60 mm   

  Surface factor : 0.75 as the pipe has a mill skin 

 

This gives a correction factor of 

 

  0.8 . 0.75 = 0.6.  

 

This means that the actual admissible stress is: 

 

  0.6 . 180  = 108 N/mm
2
     

 

Comparing this with the actual stress variation of 78 N/mm2 we may conclude that the 

safety margin is sufficient. 
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7 Conclusions 

 

When searching for critical spots: 

1 - look for parts that experience a fatigue load 

2 - Look for parts that will either bend or twist 

3 - Look at parts with details that weaken the construction: 

    e.g., holes, welds, threads, notches and clefts 

 

A critical spot often combines some of these properties. 

 

A calculation is required to be able to assess the safety margin of a part. Most failures are 

fatigue failures. Hence the calculation should be a fatigue calculation. 

 

The fatigue calculation comes down to quantifying the load and geometry. They determine 

the stress level in the material. This stress level has to be compared with the admissible 

value to find the safety margin. 

 

Fatigue in windmills is a complicated matter (as chapter 6 has shown). The theory 

presented in this module may be sufficient to judge the safety margin of a critical spot in 

an existing windmill, it is insufficient for designing windmills.  
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ANNEX A TENSION VERSUS BENDING   

 
 

2 Figure A1 tension and bending of beam 
 

The ratio between the stresses is   

 

                σb/σt  =  8L/d 

                                      

which is generally much larger than unity. Hence the bending stress is much larger than 

the tensile stress.    

 

 

In the example: L=1000, d=50 mm.  

 

                σb/σt  =  8L/d = 8000/50 = 160 
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ANNEX B  OUTLINE OF A FATIGUE ANALYSIS  

 

Most failures are caused by fatigue loads. Fatigue loads may create small cracks in the 

material surface. These cracks slowly grow until they become so big that failure follows.  

 

Essential for fatigue crack development is that the load varies. This is the reason that the 

load variation has a much larger influence on the fatigue crack development than the 

maximum load, see figure B1. 

 
Figure B1 Load variation, peak load and average load 

 

We will have to bear this in mind when judging fatigue loads. 

 

 

Fatigue stress, number of cycles and survival rate 

An admissible stress variation ∆σ does not stand on its own, it depends on the admissible 

number of cycles N and the survival rate r (as a percentage). A percentage r % will have 

survived the stress variation ∆σ after N cycles. For example: 

 

 ∆σ = 60 (N/mm
2
) 

 

  N = 10
6
 cycles 

 

  r = 98 % 

 

means that 98 % of the parts will survive a stress variation of 60 N/mm
2
 for 1 million 

cycles.   

 

∆σ-N curves 

 

The fact that every stress corresponds with a number of cycles leads to so-called ∆σ-N 

curves. Consult the literature for further information.  
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Damage 

The stress variation ∆σ goes with the admissible number of cycles N. If the stress level ∆σ 

occurs only n times one gets a so-called damage figure (being the Palmgren-Miner 

hypothesis for steel): 

 

  damage = n/N  

 

Note that the damage becomes 1 when the number of cycles n reaches the admissible 

number of cycles N. In any case n must not be larger than N (because then the actual 

number of cycles has exceeded the admissible number and failure occurs). 

 

Spectrum 

A windmill part experiences different load levels ∆σi in its operational life. This may be 

expressed in a load spectrum, figure B2.  

 
Figure B.2 Load spectrum 

 

Every load level ∆σi has its own permissible number of cycles Ni. The fatigue damage di 

per level is established by taking.  

 

  ni/Ni    

 

The sum of damages di for each level i will be the total damage D of the windmill part 

  D = Σ di  =  Σ ni/Ni               

                       

The total damage D must of course not become larger than unity in the windmill life. 

 

This is the basic approach in the design of windmills. Mind that only the framework is 

described in this annex. There are many influential factors not discussed in this annex. It is 

necessary to consult further literature on this matter before starting on the design of 

windpumps. 
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ANNEX C ADMISSIBLE STRESSES FOR MILD STEEL 

 

 

The annex gives common figures for the admissible stresses in mild steel (ISO 

designation: Fe 37). Mind that the figures apply to small sized objects (specific size 10-20 

mm) with a rather smooth surface texture (specific surface roughness 1 µm) in dry air (no 

corrosion). The figures can be used as guide line. In case of designing windmills it is 

advised to consult text books or, even better, standards to be sure that all influences that 

may have effect on the admissible stress are taken into account.  

 
  Table C1 admissible stress variations  
 

 SITUATION ADMISSIBLE STRESS    

Tension (N/mm
2
) 

ADMISSIBLE STRESS 

Bending (N/mm
2
) 

general   90-120  180 

welds, cut thread  30-40     

notches, rolled thread  40-60     

 

Note that the admissible stress for bending is larger than for tension.  

 

Note that admissible stress variations are given. It is assumed that the average stress has 

no influence. Be aware that this is not always the case. 

 

The influence of size and surface texture is summarized in annex D.  
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ANNEX D SIZE AND SURFACE TEXTURE 

 

For larger sizes the admissible fatigue stress diminshes. This only holds for situations with 

a stress gradient (bending and torsion) and not for a uniform stress distribution (tension, 

compression). Two factors explain this phenomenon (Goezinne [7]): 

-a larger specimen is more apt to have internal defects 

-the supporting capacity of the layer next to the one with the higher stress depends on   the 

size 

 

For larger surface roughnesses the admissible fatigue stress diminishes (Goezinne [7]). 
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